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The concept of adiabatic quantum pumping in space is extended by adding a tilted potential to
probe topologically nontrivial bands. This extension leads to almost perfectly quantized pumping
for an arbitrary initial state, including the Bloch state. The underlying physics is that the time
variable not only offers a synthetic dimension as in the Thouless pumping, but also assists in the
uniform sampling of all momentum values due to the Bloch oscillations induced by the tilt. The
quantized drift of Bloch oscillations is determined by a time integral of the Berry curvature, which
is effectively an integer multiple of the topological Chern number in the Thouless pumping. This
work suggests a straightforward experimental scheme to implement quantized pumping and probe
topological invariants.
Introduction. Adiabatic quantum pumping via slow
and periodic modulation in certain system parameters
has been of tremendous theoretical and experimental in-
terests, being investigated with a variety of platforms
including electrons [1–6], photons [7–10], cold atoms [11–
18], and NV centers in diamond [19]. Adiabatic pump-
ing connects the underlying geometrical or topological
features of a system with its transport behavior. In
practice it is useful in electric current standards [20],
gravimetry [21, 22], generation of entangled states [23–
25], and quantum state transfer [25, 26]. Quantum adia-
batic pumping yields both non-quantized transport, such
as geometric pumping [12], ratchet transport [27, 28] and
edge-state transport [7], and quantized transport such
as Thouless pumping [1, 2] and its extension in Floquet
topological phases [29, 30]. Of particular relevance to
this work, the non-quantized geometric pumping in a lat-
tice can be determined by the Berry curvature at a cer-
tain momentum value [12], whereas the quantized Thou-
less pumping yields a topological invariant, namely, the
Chern number of a band on a 2-dimensional torus formed
by the quasi-momentum and the time variable as a sec-
ond synthetic dimension.
Thouless pumping requires a uniformly filled band (ei-
ther coherently or incoherently), because its quantiza-
tion arises as a consequence of equal-weight contributions
from the Berry curvatures at all momentum values [1, 2].
This feature of Thouless pumping makes it possible to
dynamically manifest topological band Chern numbers,
which are crucial to understand the integer quantum Hall
effect and Chern insulators [31–33]. In a fermionic sys-
tem, the uniform band occupation could be automati-
cally achieved if the band lies below the fermion surface.
For bosons, it becomes highly nontrivial to explore Berry
curvatures at all momentum values. In actual quantum
pumping experiments where quantum transport is mea-
sured (e.g., via the imaging of a cloud of cold atoms),
one resorts to some localized initial states to approx-
imate a Wannier state that uniformly fills a band of
interest [13, 14, 16, 34]. Furthermore, in probing Flo-
quet topological insulators as non-equilibrium topolog-
ical matter [29, 30, 35–42], it is even more involving to
experimentally implement the uniform occupation on one
particular non-equilibrium quasi-energy band [19, 43].
In this Letter, we propose an experimental-friendly
adiabatic pumping scheme to yield quantized transport,
without the requirement of uniform band occupation.
The obtained pumping is well quantized, regardless of
what initial states on a band of interest are prepared. To
our knowledge, this surprising possibility was not known
until now. The central idea is to exploit a tilted lattice,
such that the time variable not only offers a synthetic
second dimension, but also assists in the sampling of all
momentum values uniformly due to the Bloch oscilla-
tions [44, 45]. Thus, complementing previous efforts in
using Bloch oscillations to indirectly help to explore band
topology [34, 46, 47], we show that Bloch oscillations can
actually be a powerful tool to probe the topological Chern
number of a band. It is also now clear that band topol-
ogy may induce a quantized drift in Bloch oscillations, an
intriguing result not noticed in previous studies of Bloch
oscillations versus band structure [48–56].
Our adiabatic pumping scheme is depicted in Fig. 1,
using a time-modulated super-lattice with a weak tilt.
Certain system parameters are slowly modulated at a fre-
quency ω, F is the energy shift between two neighboring
lattice sites due to the tilt, and ωF = F/~ is half of Bloch
oscillation frequency. For virtually all rational fractions
ωF /ω = p/q, where p and q are co-prime integers, we find
that the drift of the system over q modulation cycles is
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Figure 1: Schematic of adiabatic pumping in a time-
modulated superlattice with a tilt. The phase φ(t) is used
to modulate the nearest neighboring hopping and the on-site
energy, and ~ωF is the energy shift associated with the tilt.
quantized, irrespective of the initial state prepared on a
band. As shown below, such a pumping is determined by
a one-dimensional time integral of the Berry curvature,
which effectively equals to q times of the Chern number
manifested by Thouless pumping. This is possible due to
the effective sampling of all momentum states via Bloch
oscillations. Analogous considerations can be extended
to cases with irrational fractions ωF /ω, where one recov-
ers a quantized pumping in the long-time average. The
Bloch oscillations themselves carry a new aspect here,
because they now can experience a net quantized drift
due to the underlying band topology.
Model. Without loss of generality, consider a rather
simple model adapted from the seminal Rice-Mele
model [57]: particles are moving in a time-modulated
superlattice subjected to an external force, with the fol-
lowing Hamiltonian,
Hˆ(t) =
∑
j
{
{J + δ0 sin[pij + φ(t)]} aˆ†j aˆj+1 + h.c.
}
+
∑
j
{∆0 cos[pij + φ(t)] + ~ωF j} nˆj . (1)
Here, aˆ†j creates a boson at the j-th site and nˆj = aˆ
†
j aˆj
is the density operator. J is the hopping constant. δ0
and ∆0 are the amplitudes of modulations in the hop-
ping strength and the onsite energy, respectively. ~ωF is
due to a tilt, which can be realized by applying a mag-
netic field gradient or aligning the superlattice along the
gravity. For convenience, we set ~ = 1 by default here-
after. If F is absent, the model reduces to the Rice-
Mele model [57]. The bipartite superlattice can be cre-
ated by superimposing a simple standing-wave laser with
a second double-frequency one. The phase modulation
φ(t) = φ0+ωt can be realized by tuning the relative phase
between two standing-wave lasers and thus the modula-
tion period is given by Tm = 2pi/ω.
In the absence of a tilt, the Hamiltonian in momen-
tum space is given by Hˆ(k, t) = hxσˆx + hyσˆy + hzσˆz,
where the effective magnetic field (hx, hy, hz) =
{2J cos(k), 2δ0 sin[φ(t)] sin(k),∆0 cos[φ(t)]}. By di-
agonalizing the Hamiltonian, Hˆ(k, t)|u0(k, t)〉 =
ε0(k, t)|u0(k, t)〉, we analytically obtain the instanta-
neous eigenvalues ε0±(k, t) = ±
√
h2x + h
2
y + h
2
z and the
corresponding eigenstates |u0±(k, t)〉 (see Supplemental
Material for more details [58]). In the presence of
a tilt, we can obtain analogous solutions by mak-
ing a unitary transformation a†j = e
−iωF jtb†j . The
Hamiltonian then becomes Hˆrot(t) = Hˆ1 + Hˆ2 with
Hˆ1 =
∑
j
{
{J + δ0 sin[pij + φ(t)]} eiωF tbˆ†j bˆj+1 + h.c.
}
and Hˆ2 =
∑
j {∆0 cos[pij + φ(t)]} nˆj . That is, the
tilt is equivalent to adding a time-dependent phase
factor to the hopping term. As such, all the in-
stantaneous bands and eigenstates can be found by
replacing k by k − ωF t, with the modified eigenstates
|u±(k, t)〉 = |u0±(k − ωF , t)〉 and modified dispersion
relation ε±(k, t) = ε0±(k − ωF t, t).
Effective topological invariant. According to the the-
orem of adiabatic transport, the group velocity for mo-
mentum k in the n-th band is contributed by two terms,
the energy dispersion and the Berry curvature [6],
vg(k, t) =
∂εn(k, t)
~∂k
+ Fn(k, t), (2)
where the Berry curvature is given by,
Fn(k, t) = −2Im
[ ∑
n′ 6=n
〈un|∂kHˆ|un′〉〈un′ |∂tHˆ|un〉
(εn − εn′)2
]
, (3)
with n = ±. Note that if F0±(k, t) denotes the analogous
Berry curvature of the gapped Rice-Mele model (F = 0),
then F±(k, t) = F0±(k − ωF t, t). For later use, the topo-
logical Chern number manifested in Thouless pumping is
given by
Cn =
1
2pi
∫ 2pi/d
0
∫ qTm
0
F0n(k, t) dkdt, (4)
where d is the size of each unit cell. Because energy
bands are periodic in k, the first term of group velocity
vg(k, t) oscillates with time. In a static system, the sec-
ond term vanishes such that the Zak phase plays no role
in Bloch oscillations [46]. However, due to the periodic
modulation via φ(t) and the adiabatic following of the
instantaneous eigenstates, the anomalous velocity due to
Berry curvature becomes crucial here. To that end one
first explicitly obtains the associated Berry curvature at
time t for the two bands, i.e.,
F±(k, t) = 2Jδ0ω∆0 1− cos
2 [φ(t)] cos2 (k − ωF t)
[ε0±(k − ωF t, t)]3
. (5)
Consider then a Bloch state as the initial state under
our pumping scheme. To simplify the matters, let us
3Figure 2: (a) Berry curvature of the lower band, whose mag-
nitudes are represented by color, is indicated on the plot of
(hx, hy, hz) mapped from (k, t), with (k, t) is made to cover
the whole Brillouin zone. (b) Same as in (a), but now only
(hx, hy, hz) and Berry curvatures at (k − ωF t, t) are plotted
together. (c) The drift of an initial Bloch state over q mod-
ulation cycles versus k for ωF /ω = 10/3 (the red solid line)
and ωF = 0 (the blue dashed-dot line). Other parameters are
chosen as J = −1, ∆0 = 2, and φ0 = 0.
assume ωF /ω = p/q as mentioned above, resulting in an
overall period Ttot = qTm (Tm is the modulation period
in φ). The amount of pumping at time τ is simply given
by the following semi-classical expression [6],
∆X(τ) =
∫ τ
0
vg(k, t)dt. (6)
This expression can be also viewed as the time integral of
the quantum flux determined by the group velocity vg.
Because the instantaneous energy eigenvalues are peri-
odic functions of time and momentum, in an overall pe-
riod Ttot the integral of the dispersion velocity is exactly
zero. Thus only the anomalous velocity due to the Berry
curvature can contribute to pumping. One can find the
drift over the duration of Ttot measured by the size of a
unit cell d,
Cn,red ≡ ∆X(qTm)
d
=
1
d
∫ qTm
0
Fn(k, t) dt. (7)
Our key observation is that Cn,red is almost perfectly
quantized as a one-dimensional time integral of the Berry
curvature Fn(k, t) = F
0
n(k − ωF t, t). Due to the Bloch
oscillations at a constant frequency ωF , all momentum
values are uniformly scanned or sampled in this time in-
tegral. Anticipating an effectively “ergodic” behavior in
such momentum sampling, this integral is hence expected
to be independent of the starting value of φ or equiva-
lently, independent of the initial value of k. This physical
intuition is perhaps natural for large integers q and p be-
cause highly dissimilar frequencies of ω and ωF enhances
the uniformity of the sampling. Nevertheless, as our re-
sults below show, this k-independence of the quantum
pumping is practically true even when the two frequen-
cies are on low-order resonances. This being the case, we
have
Cn,red ≈ 1
2pi
∫ 2pi/d
0
∫ qTm
0
F0n(k − ωF t, t) dkdt,
=
1
2pi
∫ 2pi/d
0
∫ qTm
0
F0n(k, t) dkdt = qCn. (8)
Thus, Cn,red is effectively quantized, because it is always
very close to q times of the topological Chern number
in Thouless pumping. More discussions on the near per-
fect quantization of Cn,red is presented in Supplementary
Material [58]. Clearly then, compared to the Chern num-
ber expression Eq (4) (an integral over a two-dimensional
area), Cn,red defined here as a one-dimensional integral
can be regarded as, effectively, a reduced expression for
the Chern number Cn (apart from the factor q). Thus
we call Cn,red as a reduced Chern number.
If Cn is nonzero, there must be a Dirac monopole at
the band-crossing point hx = hy = hz = 0. The Berry
curvature represents a fictitious magnetic field due to the
Dirac monopole and Cn can be viewed as the magnetic
flux of the Dirac monopole (up to a 4pi factor) in the
(hx, hy, hz) parameter space. For a uniformly filled band,
the adiabatic pumping in φ(t) and the uniform band oc-
cupation ensure that an entire surface enclosing the Dirac
monopole is fully covered [see Fig. 2(a)]. In our scheme
with a tilt and a Bloch state as the initial state, the
sampled (hx, hy, hz) and the associated Berry curvatures
rotate around the Dirac monopole due to time evolution
itself, and effectively it covers the Dirac monopole q times
in a common time period of qTm [see Fig. 2(b)]. Some-
what analogous to Ampere’s law where a current yields
a winding magnetic field, here a rotating field induces
pumping and hence a current.
To confirm our insights above, Fig. 2(c) depicts the
drift over Ttot = qTm as a function of k, the initial value
of a Bloch state, for J = −1, ∆0 = 2, φ0 = 0 and
δ0 = 0.8. The solid line in Fig. 2(c) is for ωF /ω = 10/3,
where deviation of Cn,red from quantization is not de-
tectable. That is, the ratio of ∆X(qTm) to qd is indeed
extremely close to unity, hence Cn,red is extremely close
to q, for any value of k, consistent with Cn = 1. This is
in sharp contrast to the case with F = 0 [dashed line in
Fig. 2(c)], where the geometrical pumping is not quan-
tized and strongly depends on k. In Supplementary Ma-
terial [58], we have also investigated many other cases
with different rational ratios of ωF /ω. Even for very-
low-order resonances (e.g., q = 2), the deviation of the
4pumping from quantization is about one percent only, a
precision that is more than sufficient for Cn,red to serve
as an effective topological invariant to detect topological
phase transitions.
It is also interesting to discuss the cases with irrational
ωF /ω. The system’s group velocity vg is then quasi-
periodic in time. In essence that represents cases with
q approaching infinity. Hence the pumping is not ex-
pected to be well quantized for a duration NTm with a
small N . Nevertheless, the averaging pumping over a suf-
ficiently long time, i.e., ∆X(NTm)Nd
∣∣
N→∞ is still quantized
because of two reasons. First, the Berry curvature part
of vg can now sample all momentum values in a more
ergodic fashion. Second, the time integral of the quasi-
periodic dispersion velocity over a sufficiently long time
vanishes. More details can be found in Supplementary
Material [58].
Topological pumping of Gaussian wavepackets. Given
that even an arbitrary Bloch state yields essentially quan-
tized pumping, it becomes obvious that quantized pump-
ing survives for any initial wavepacket prepared on a
band of interest. To demonstrate this we consider an ini-
tial Gaussian wavepacket localized at momentum k0 = 0
of the lower energy band. The initial wavefunction at the
j-th site is hence given by
ψj(0) = N e−
(j−j0)2
4σ2 u−,j(k0, 0)eik0j , (9)
Here, N is a normalization factor, σ is the initial
wavepacket width, u−,j(k0, 0) represents the instanta-
neous lower-band spinor eigenstate in the sublattice de-
gree of freedom at time zero. As the bias between
the two sublattices increases, this state dominantly oc-
cupies the odd lattice sites. Such type of wavepacket
can be prepared by applying an additional harmonic
trap [12]. We then examine the density distribution pro-
file |ψj(t)|2 of the time-evolving wavepacket ψj(t) and
the mean displacement ∆X(t) = X(t) − X(0) where
X(t) =
∑
j j|ψj(t)|2.
Fig. 3(a) and (b) show the time-evolution of wavefunc-
tion profile in real space and the drift of the wavepacket
center as a function of time. The parameters are set
as J = −1, ∆0 = 2, δ0 = 0.8, φ0 = 0, ω = 0.03,
ωF /ω = 4/3, σ = 15, j0 = 101. The frequencies ω and
ωF are chosen to be small to ensure adiabatic following.
It is seen that the spatial density profile exhibits cosine-
like oscillations with additional modulation, which man-
ifest the Bloch oscillations in a time-modulated system.
More importantly, a quantized drift of such oscillations
is seen at multiples of 3Tm, as displayed by the blue solid
line in Fig. 3(b). The red dashed line obtained by the
semi-classical expression in Eq. (6) perfectly agrees with
the one directly obtained by wavepacket dynamics calcu-
lations. Though not shown here, we have also checked
that in the momentum space, the average momentum of
the time-evolving state indeed linearly sweeps the Bril-
Figure 3: Quantized drifting Bloch oscillations for an ini-
tial Gaussian wavepacket in two overall periods. (a) Density
evolution in real space. (b) Displacement as a function of
time. The blue solid line and red dashed line are obtained
from quantum dynamics calculations and the semi-classical
expression Eq. (6), respectively. The parameters are chosen
as J = −1, ∆0 = 2, δ0 = 0.8, ω = 0.03, φ0 = 0, ωF /ω = 4/3,
d = 2, σ = 15, j0 = 101 and k0 = 0.
louin zone according to k = k0 − ωF t [58].
Advantages of topological pumping with a tilt. It is
necessary to compare three pumping schemes in a modu-
lated lattice: (i) topological pumping with a tilt, with
the initial state being a wavepacket, (ii) the geomet-
ric pumping with the same initial state but without
a tilt [12], and (iii) Thouless pumping where the ini-
tial state is a Wannier state [13, 14]. In Fig. 4, we
show ∆X(t) and the change in the wavepacket width
∆W (t) = W (t) − W (0), where the wavepacket width
is defined as W (t) =
√∑
j [j −X(t)]2|ψj(t)|2. In ge-
ometric pumping, the transport is not quantized and
the wavepacket has insignificant spreading. In Thou-
less pumping, although the transport is quantized, the
wavepacket exhibits serious spreading even at early time
during a pumping cycle. In our topological pumping with
a tilt, not only the transport is quantized, but also the
wavepacket maintains its spatial localization or coherence
over a long time [58], a feature of considerable interest for
quantum state transfer [26]. To summarize, topological
pumping with a tilt has advantageous aspects from both
geometrical pumping and Thouless pumping.
Concluding remarks. We have put forward a simple
scheme of adiabatic pumping by introducing a small tilt
to a lattice on top of other time modulation to system
parameters. Quantized pumping (determined by a re-
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Figure 4: Comparison between topological pumping with a
tilt (ωF /ω = 10/3), geometric pumping with the same ini-
tial state but without a tilt, and Thouless pumping with a
Wannier state. (a) Drift ∆X versus time t. (b) Change in
the width of time-evolving wavepackets, ∆W versus time t.
The initial Gaussian wavepacket is parameterized by σ = 15,
j0 = 101 and k0 = 0. The initial state for Thouless pumping
is a Wannier state. Other common parameters are chosen as
∆0 = 2, J = −1, δ0 = 0.8, ω = 0.05, and φ0 = 0.
duced Chern number) can now be readily realized in ex-
periments because it works for arbitrary initial state pre-
pared on a band of interest. As such, there is no longer
a need to engineer uniform band occupation as in Thou-
less pumping. It should be stressed that the resultant
pumping is not mathematically quantized, but in prac-
tice it is well quantized with remarkable precision, hence
highly useful for probing topological phase transitions. It
would be interesting to extend our results to disordered
or many-body systems. Indeed, probing topological in-
variants without uniform band filling can be important
in topological systems without conventional band struc-
tures, such as in disordered topological insulators and
interacting topological insulators [62, 63]. Our scheme
may be also extended to probe topological invariants in
high-dimensional systems.
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8SUPPLEMENTARY MATERIAL
S1. HAMILTONIAN IN MOMENTUM SPACE
In the case of a single particle, to obtain the Hamiltonian in momentum space, we make a Fourier transformation,
bˆ†2j =
1√
L
∑
k
eik2j bˆ†k,e,
bˆ†2j−1 =
1√
L
∑
k
eik(2j−1)bˆ†k,o. (S1)
Here, k is the quasi-momentum, and e (o) respectively represents an even (odd) site. L is the total number of unit
cells. When the tilt is absent, ~ωF = 0, substituting Eq. (S1) into Hamiltonian (1) in the main text, we can obtain
Hamiltonian in the quasi-momentum space, H(t) =
∑
kH(k, t) with
Hˆ(k, t) =
{
2J cos(k) + 2iδ0 sin[φ(t)] sin(k)
}
bˆ†k,obˆk,e + h.c.+ ∆0 cos[φ(t)]
(
bˆ†k,ebˆk,e − b†k,obˆk,o
)
. (S2)
In terms of Pauli matrices describing the sublattice degree of freedom, the Hamiltonian becomes Hˆ(k, t) = hxσˆx +
hyσˆy+hzσˆz, where (hx, hy, hz) = {2J cos(k), 2δ0 sin[φ(t)] sin(k),∆0 cos[φ(t)]} are the three components of an effective
magnetic field. One then obtains the eigenvalues and eigenstates by diagonalizing the Hamiltonian, Hˆ(k, t)|u0(k, t)〉 =
ε0(k, t)|u0(k, t)〉. The superscript 0 denotes zero tilt. The eigenvalues are given by
ε0± = ±
√
h2x + h
2
y + h
2
z
= ±
√
4J2 cos2(k) + 4δ0
2 sin2[φ(t)] sin2(k) + ∆0
2 cos2[φ(t)], (S3)
and the eigenstates without normalization are given by
|u0±〉 =
(
2J cos(k)−2δ0i sin[φ(t)] sin(k)
ε0±−∆0 cos[φ(t)]
1
)
. (S4)
In the presence of a tilt, by making a unitary transformation a†j = e
−iωF jtb†j , the Hamiltonian (1) is transformed to
Hˆrot(t) =
∑
j
{
{J + δ0 sin[pij + φ(t)]} eiωF tbˆ†j bˆj+1 + h.c.
}
+ {∆0 cos[pij + φ(t)]} nˆj . (S5)
Similarly, the Hamiltonian in the momentum space is given by
Hˆ(k, t) =
{
2J cos[K(k, t)] + 2iδ0 sin[φ(t)] sin[K(k, t)]
}
bˆ†k,obˆk,e + h.c.+ ∆0 cos[φ(t)]
(
bˆ†k,ebˆk,e − b†k,obˆk,o
)
, (S6)
where K(k, t) = k − ωF t. Compared Eq. S6 with Eq. S2, all the instantaneous energy bands and eigenstates can be
found by replacing k by k − ωF t, with the modified eigenstates |u±(k, t)〉 = |u0±(k − ωF , t)〉 and modified dispersion
relation ε±(k, t) = ε0±(k − ωF t, t).
S2. RELATION BETWEEN Cn,red AND Cn
Here we first show that Cn,red defined in the main text as a one-dimensional time integral is independent of the
initial momentum value of a Bloch state and equal to q times of the Chern number, namely, Cn,red = qCn, if
ωF /ω = p/q →∞. Consider first the Berry curvatures
F±(k, t) =
±2Jδ0ω∆0
{
1− cos2 [φ(t)] cos2 [K(k, t)]}{
4J2 cos2[K(k, t)] + 4δ0
2 sin2[φ(t)] sin2[K(k, t)] + ∆0
2 cos2[φ(t)]
}3/2
= F0±(k − ωF t, t), (S7)
9where F0n(k, t) denotes the Berry curvature in the absence of a tilt. When k is shifted to k + ∆k, and t is shifted to
t+ ∆k/ωF , the Berry curvature is given by
F±(k + ∆k, t+ ∆k/ωF )
=
±2Jδ0ω∆0
{
1− cos2 [φ(t) + ωωF ∆k] cos2 [K(k, t)]
}
{
4J2 cos2[K(k, t)] + 4δ0
2 sin2[φ(t) + ωωF ∆k] sin
2[K(k, t)] + ∆0
2 cos2[φ(t) + ωωF ∆k]
}3/2
∼= ±2Jδ0ω∆0
{
1− cos2 [φ(t)] cos2 [K(k, t)]}{
4J2 cos2[K(k, t)] + 4δ0
2 sin2[φ(t)] sin2[K(k, t)] + ∆0
2 cos2[φ(t)]
}3/2
= F±(k, t). (S8)
The approximately equal sign here can be replaced by an exactly equal sign if ωF /ω → ∞. Actually, even when ωF
is comparable to ω, this relation still holds with high precision, an important feature that will become clearer later.
Next we note the following rewriting of one-dimensional time integrals:∫ qTm
0
F±(k + ∆k, t+ ∆k/ωF )dt =
∫ qTm+∆k/ωF
∆k/ωF
F±(k + ∆k, t)dt =
∫ qTm
0
F±(k + ∆k, t)dt, (S9)
where the last equal sign is due to the fact that the Berry curvature is a periodic function of time with period qTm.
Comparing this with Eq. (S8), one immediately has
Cn,red =
1
d
∫ qTm
0
F±(k, t)dt = 1
d
∫ qTm
0
F±(k + ∆k, t)dt. (S10)
That is, Cn,eff as the time intergral of F±(k, t) is practically independent of k, i.e.,
Cn,red(k + ∆k) = Cn,red(k), (S11)
for any ∆k. Now if we consider an averaging over k, we immediately have
Cn,red ≈ 1
2pi
∫ qTm
0
∫ pi/d
−pi/d
F0n(k − ωF t, t)dtdk =
q
2pi
∫ Tm
0
∫ pi/d
−pi/d
F0n(k, t)dtdk = qCn. (S12)
The second equal sign is because the Chern number Cn as a two-dimensional integral are the same in each pumping
cycle if there is no external force.
In numerical calculations, we discrete the parameter
space into mesh grids, and then apply the Stokes theorem
to transform the surface integral to a line integral of each
grid [59]. According to the theory of dynamic winding
number, the line integrals encircling singularity points
are the major contributions to Chern number [60]. The
Chern numbers for the two bands are the same as those
in the original Rice-Mele model, even if we account for
the tilt we introduce. This is because the external force
only linearly shift the momentum and reshape the grids
from square to rhombus without affecting the winding
number of singularity points; see the schematic diagram
in Fig. S5.
We calculate standard variance of ∆X(qTm)/(qd) over
all momentum states as a function of p = qωF /ω when q
ranges from 1 to 7. The result is shown in Fig. S6 with
parameters J = −1, ∆0 = 2, φ0 = 0, and δ0 = 0.8. The
mean displacement per modulation period is exactly 1
unit cell. It is clear the deviation of ∆X(qTm)/(qd) from
1 exponentially decays as the ratio between the exter-
nal force and driving frequency increases. Taking q = 7
as an example, the deviation between ∆X(7Tm)/(7d)
from unity already reaches machine precision/error for
p = 11, i.e. ωF /ω = 11/7. This super-fast decay of
∆X(NTm)/(Nd) with N also persists even when N is
not equal to multiples of q. These numerical results show
that the actual condition for the quantization of Cn,red
as an effective topological invariant is much looser than
that in the above analysis.
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Figure S5: Schematic diagram for numerical calculations of
Chern number (a) in the absence of a tilt and (b) inthe pres-
ence of a tilt. The red and black dots are the locations of
singluarity points at the north and south poles.
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Figure S6: Variance of ∆X(qTm)/(qd) as a function of p =
qωF /ω. The parameters are chosen as J = −1, ∆0 = 2, and
δ0 = 0.8.
Figure S7: Time evolution of density distribution in momen-
tum space. The parameters are chosen as J = −1, ∆0 = 2,
δ0 = 0.8, ω = 0.03, φ0 = 0, ωF /ω = 4/3, d = 2, σ = 15,
j0 = 101 and k0 = 0.
S3. TOPOLOGICAL PUMPING OF GAUSSIAN
WAVEPACKETS
1. Density evolution in momentum space
We are also interested in the density distribution in the
quasi-momentum space, which is given by
|ψk|2 = |αo,k|2 + |αe,k|2,
αe,k =
1√
L
L∑
j=1
e−ik2jψj ,
αo,k =
1√
L
L∑
j=1
e−ik(2j−1)ψj , (S13)
where L = 150 is the total number of unit cells. Fig. S7
shows the time evolution of density distribution |ψk|2 in
the momentum space. In the whole time duration shown,
the momentum distribution of the system maintains the
same. The momentum is actually linearly swept down
according to K = k0 − ωF t and jumps to 0.5pi when it
reaches the boundary of Brillouin zone at −0.5pi, which
is consistent with the result in Sec. .
2. Irrational case
For the cases where p and q are not commensurate,
the eigenvalues are quasi-periodic functions of time and
hence the velocity due to the dispersion of bands becomes
also quasi-periodic. This means that the displacement
is generally not quantized because the velocity due to
the dispersion of bands cannot self-cancel over a short
time. However, the mean displacement in the long time
average,
∆X(NTm)
Nd
∣∣
N→∞ → 1, (S14)
because the integral of velocity due to the dispersion of
bands over long time vanishes and only quantized dis-
placement due to anomalous velocity leaves. For exam-
ple, we consider p/q = (
√
5+1)/2 and calculate the mean
position shift as a function of time via Eq. (6) in the main
text; see Fig. S9. The inset shows the corresponding
time-evolution of density distribution in relatively short
time. Other parameters are chosen as J = −1, ∆0 = 2,
δ0 = 0.8, ω = 0.01, φ0 = 0, d = 2, σ = 15, j0 = 120
and k0 = 0. We can observe quasi-periodic Bloch os-
cillations accompanied by a linear displacement guided
by red dashed line in Fig. S9. After averaging the ve-
locity in infinite time, the red dashed line is given by
∆X(NTm)/d = N . The displacement due to anomalous
velocity linearly increases with the N multiple of pump-
ing cycle. Because the oscillations have finite width, W
(which can be suppressed by strong external force), The
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Figure S8: Difference in spatial width between final and initial
states as a function of the initial width. Insets: Comparison
between initial (t = 0) and final (50Tm) states. The initial
widths are chosen as σ = 1.5 and σ = 15 for the left and right
insets, respectively. Other parameters are chosen as J = −1,
∆0 = 2, δ0 = 0.8, ω = 0.03, φ0 = 0, ωF = 4ω, d = 2, j0 = 101
and k0 = 0.
fluctuation in displacement W/∆X ≈W/(2N) will even-
tually vanish as the total time under consideration ap-
proaches infinity.
3. Time evolution of Guassian wave-packets
Even when the external force is integer multiples of the
driving frequency (ωF = nω), a Gaussian wavepacket still
undergoes quantized drifting Bloch oscillations due to the
nontrivial Berry curvature. This physics is certainly dif-
ferent from the early-observed possibility of resonance-
induced expansion [61]. In Fig. S8, we show difference in
wavepacket width between the final and initial states for
ωF /ω = 4.
A wider Guassian wavepacket in real space corresponds
to a narrower Guassian wavepacket in momentum space,
which is hence closer to a Bloch state of a single quasi-
momentum value. We compare the density distribution
of initial and final states in the insets of Fig. S8. For
wide wavepackets, as they are more similar to a Bloch
state, their density profiles are almost kept unchanged in
their time evolution. For narrow wavepackets, as they in-
volve several momentum states and different momentum
states accumulate different phases [15, 17], their shapes
are slightly changed.
Figure S9: Displacement for an initial Gaussian-like state in
an irrational case of ωF /ω = (
√
5 + 1)/2. The dashed red
line is obtained by averaging the velocity in long time. Inset:
Time evolution of density distribution in real space. Other
parameters are chosen as J = −1, ∆0 = 2, δ0 = 0.8, ω = 0.01,
φ0 = 0, d = 2, σ = 15, j0 = 120 and k0 = 0.
S4. TOPOLOGICAL PUMPING OF WANNIER
STATES
1. General theory
We consider the time-evolution of an initial Wannier
state in the lower-energy band. In contrast to Gaussian-
like state localized at certain momentum, the initial Wan-
nier state is an equal superposition of all the Bloch states
in the lower-energy band with different momenta,
|w1(R, 0)〉 = 1√
L
∑
k
e−ikR|u1(k, 0)〉, (S15)
where R denotes the location of the Wannier state. When
the system is adiabatically and periodically modulated,
the displacement for the Wannier state in one pumping
cycle is simply the average of the displacement for the
Bloch states with different momenta,
∆X(Tm) =
d
2pi
∫ pi/d
−pi/d
∫ Tm
0
vg(k, t)dtdk, (S16)
where d as the period of the superlattice is equal to 2 in
our case. The term due to the dispersion of the energy
band is exactly zero, i.e.,
d
2pi
∫ pi/d
−pi/d
∫ Tm
0
∂ε(k, t)
~∂k
dtdk = 0, (S17)
regardless of the external force. It means that the mean
position shift in one pumping cycle is only related to the
Chern number defined in the parameter space (−pi/2 ≤
12
k ≤ pi/2, 0 ≤ t ≤ Tm),
Cn =
1
2pi
∫ pi/2
−pi/2
dk
∫ Tm
0
dtFn(k, t). (S18)
Consequently, the displacement in one pumping cycle is
given by
∆X(Tm) = Cnd, (S19)
which is essentially the polarization theory [2].
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Figure S10: Topological pumping of an initial Wannier states.
Panels (a), (c) and (e): Time evolution of density distri-
bution for ωF /ω = 1/2, 4, (
√
5 + 1)/2, respectively. Pan-
els (b), (d) and (f): Displacement as a function of time for
ωF /ω = 1/2, 4, (
√
5 + 1)/2, respectively. (g) The semi-
classical displacement in one pumping cycle as a function of
momentum for different ωF /ω. The other parameters are cho-
sen as ∆0 = 20, J = −1, δ0 = 0.8, ω = 0.02, φ0 = 0.
2. Dynamics of Wannier states for different ωF /ω
It is known that the Bloch oscillations behave as
breathing modes for an initial state localized at a single
site [48]. Such an initial state is approximately a Wan-
nier state if the energy bands are flat. The initial state is
a single atom at an odd site (i.e. the 101th site), which is
approximately a Wannier state of the lower-energy band.
In Fig. S10, we show the evolution of density distribution
|ψj(t)|2, the displacement ∆X(t) via quantum state evo-
lution and the displacement as a function of momentum
which is obtained via semi-classical expression [Eq.(6) in
the main text]. In the numerical calculation, we choose
∆0 = 20 to make the energy bands flat. The other pa-
rameters are chosen as J = −1, δ0 = 0.8, ω = 0.02,
φ0 = 0, ωF = ω/2 for Fig. S10(a) and S10(b), ωF /ω = 4
for Fig. S10(c) and S10(d), ωF /ω = (
√
5 + 1)/2 for
Fig. S10(e) and S10(f). In the case of ωF = ω/2, it
is clear that the wavepacket expands and shrinks period-
ically; see Fig. S10(a). At the nodes of multiples of mod-
ulation period, the wavepacket is re-localized at a single
site, but its mean position is shifted by a unit cell per
pumping cycle. In the absence of a tilt, the wavepacket
is dispersive due to the curved energy band [8]. Here, the
dispersion at the nodes is suppressed, because the group
velocities of the momentum states have small fluctuations
and hence their displacement, see the blue dashed-dot
line in Fig. S10(g). Compared to the oscillation width of
the time evolving wave-packets, the quantized displace-
ment is small but it is clearly found in the displacement;
see Fig. S10(b). Note that ωF = ω/2 is chosen for the co-
incidence between the period of Bloch oscillations and th
period of pumping cycle. In this case, the period of Bloch
oscillations is determined by the time T = pi/ωF = 2pi/ω
to sweep the first Brillouin zone. Besides, the dispersion
of wavepacket still exists in the long time evolution due
to the dispersion of energy band and Berry curvature.
In the case of ωF /ω = 4, instead of the breathing
modes, the system becomes diffusive like a bullet mode
while the mean position shift per period remains quan-
tized; see Fig. S10(c) and S10(d). The diffusion becomes
faster than the previous case, because the mean position
shift has larger fluctuation as the momentum changes;
see the red solid line in Fig. S10(g).
For completeness, we also consider the dynamics in the
irrational case where ωF /ω = (
√
5+1)/2; see Fig. S10(e)
and (f). Compared with the irrational case in Sec. , the
time evolution of the density distribution has no well-
defined period and behaves as quasi-periodic breathing
modes. As the strength of the tilt increases, the width
of the breathing mode becomes smaller. Nevertheless,
the displacement is quantized per each pumping cycle.
The fluctuation of mean position shift with momentum
is presented as the black solid line in Fig. S10(g). In
all the above cases, although the details of the dynamics
are quite different for different ratios between the Bloch
oscillation frequency and the modulation frequency, the
quantized displacement in one pumping cycle maintains
the same, which is consistent with the theory in Sec. S3.
